SEMI-SLANT RIEMANNIAN MAPS 



KWANG-SOON PARK 

Abstract. As a generalization of slant submersions 1161 . semi-slant submer- 
sions |15| . and slant Riemannian maps | 19| , we define the notion of semi-slant 
Riemannian maps from almost Hcrmitian manifolds to Riemannian manifolds. 
We study the intcgrability of distributions, the geometry of fibers, the har- 
monicity of such maps, etc. We also find a condition for such maps to be 
totally geodesic and investigate some decomposition theorems. Moreover, we 
give examples. 



1. Introduction 

Given a C°°-map F from a Riemannian manifold (M, <?m) to a Riemannian 
manifold (N, gjv), according to the conditions on the map F, we call F a harmonic 
map pQ, a totally geodesic map pQ, an isometric immersion [2], a Riemannian 
submersion [S], a Riemannian map [4 , etc. 

For the isometric immersion F, it is originated from Gauss' work, which studied 
surfaces in the Euclidean space K 3 and there are a lots of papers and books on 
this topic. With F to be a Riemannian submersion, B. O'Neill [5] and A. Gray [5] 
firstly studied the map F. And there are several kinds of Riemannian submersions: 

semi- Riemannian submersion and Lorentzian submersion [5 , Riemannian sub- 
mersion ([6], [9]), slant submersion ([2], [E]), anti- invariant submersion [18], almost 
Hermitian submersion [21j . contact-complex submersion [7], quaternionic submer- 
sion [S], almost h-slant submersion [TO], semi- invariant submersion [T7], almost 
h-semi-invariant submersion semi-slant submersion |15) . almost h-semi-slant 
submersions |12j . v-semi-slant submersions [13] , almost h-v-semi-slant submersions 
[H], etc. 

A. Fischer [3] introduced a Riemannian map F, which generalizes and unifies 
the notions of an isometric immersion, a Riemannian submersion, and an isometry. 
After that, there are lots of papers on this topic. Moreover, B. Sahin defined a 
slant Riemannian map |19) . As a generalization of slant Riemannian maps |19j and 
semi-slant submersions [15], we will define a semi-slant Riemannian map. 

The paper is organized as follows. In section 2 we remind some notions, which are 
needed for later use. In section 3 we give the definition of a semi-slant Riemannian 
map and obtain some properties on it. In section 4 using a semi-slant Riemannian 
map, we obtain some decomposition theorems. In section 5 we give examples. 

2. Preliminaries 

Let (M, <7m) and (N,gw) be Riemannian manifolds, where M, N are C°°- 
manifolds and gu, 9n are Riemannian metrics on M, N, respectively. Let F : 
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(M,gM) !-> {N,gN) be a C°°-map. We call the map F a C°° -submersion if F 
is surjective and the differential (F*) p has a maximal rank for any p G M. The 
map F is said to be a Riemannian submersion [H| if F is a C°°-submersion and 
(F*) p : ((ker(F*) p ) x , (g M ) P ) ^ {T F ( p) N, (g N ) F (p) ) is a linear isometry for each 
p € M, where (ker(i 7 '*)p)- L is the orthogonal complement of the space ker(F*) p in 
the tangent space T p M of M at p. We call the map F a Riemannian map [4] if 
(F*) p : ((ker(F*) p )- L , (g M ) P ) >-> ((rangeF^) F ^,(g N ) F(p) ) is a linear isometry for 
eachp G M, where (rangeF^p^ := (F t ,) p ({keT(F t: ) p )- L ) for p G M. Let (M,g M , J) 
be an almost Hermitian manifold and (N,gjf) a Riemannian manifold, where J is 
an almost complex structure on M. Let F : (M,gM, J) i-> (N,gw) be a C°°-map. 
We call the map F a s/anf submersion |16j if F is a Riemannian submersion and 
the angle = 8(X) between JX and the space ker(F*) p is constant for nonzero 
X G ker(F,) p and p G M. 

We call the angle a slant angle. 

The map F is said to be an anti-invariant submersion [18] if F is a Riemannian 
submersion and JX G r((kerF*)- L ) for X G L(kerF*). We call the map F a 
semi-invariant submersion [17] if F is a Riemannian submersion and there is a 
distribution T>\ C ker F* such that 

kerF* = 2?! © V 2 , J{V X ) = V u J(X> 2 ) C (kerF*)" 1 , 

where 2? 2 is the orthogonal complement of T>% in kerF*. The map F is said to 
be a semi-slant submersion [15] if F is a Riemannian submersion and there is a 
distribution T>\ C ker F* such that 

kerF, = V x © E> 2 , Jpi) = £>i, 

and the angle = 8(X) between JX and the space (£> 2 )<? is constant for nonzero 
X G (T>2) q and 5 G M, where 2? 2 is the orthogonal complement of T>\ in kerF*. 
We call the angle 8 a semi-slant angle. 

We call the map F a slant Riemannian map [19] if F is a Riemannian map and 
the angle 8 — 8(X) between JX and the space ker(F*) p is constant for nonzero 
X G ker(F,) p and p G M. 

We call the angle 8 a slant angle. 

The map F is said to be a semi-invariant Riemannian map |20j if F is a Rie- 
mannian map and there is a distribution T>i C ker F* such that 

kerF, = V 1 ®V 2l J(Z>!) = 2?i, J(X> 2 ) C (kerF*)" 1 , 

where 2? 2 is the orthogonal complement of V\ in ker F* . Let F : (M, gu) i-» (TV, g^v) 
be a C°°-map. The second fundamental form of F is given by 

(2.1) (VF,)(X,Y):=y^F,Y-F4V x Y) for X, Y G L(FM), 

where V F is the pullback connection and we denote conveniently by V the Levi- 
Civita connections of the metrics gM and g^ PQ- Remind that F is said to be 
harmonic if we have the tension field t(F) := trace(VF t ) = and we call the 
map F a iotaZZ?/ geodesic map if (VF*)(X,F) = for 1,7 £ L(TM) pQ. Denote 
the range of F* by rangeF* as a subset of the pullback bundle F~ 1 TN . With its 
orthogonal complement (rangeF*) we have the following decomposition 

F^TN = rangeF* © (rangeF*)^ . 

Moreover, we get 

TM = kerF* © (kerF*)- 1 . 
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Then we easily have 

Lemma 2.1. Let F be a Riemannian map from a Riemannian manifold (M, gjvf) 
to a Riemannian manifold (A, gjv)- Then 

(VF*)(A,F) G T((rangeF*)^) for X,Y e T((ker F*^). 

Lemma 2.2. Let F be a Riemannian map from a Riemannian manifold (M,gM) 
to a Riemannian manifold [N,gpf). Then the map F satisfies a generalized eikonal 
equation [4] 

2e(F) = | IF* 1 1 2 = rankF. 

As we know, ||F*|| 2 is a continuous function on M and rankF is integer- valued so 
that rankF is locally constant. Hence, if M is connected, then rankF is a constant 
function [3]. 

3. Semi-slant Riemannian maps 

Definition 3.1. Let (M,gM,J) be an almost Hermitian manifold and (A, gjv) a 
Riemannian manifold. A Riemannian map F : (M,gM,J) ^ (N,gpf) is called a 
semi-slant Riemannian map if there is a distribution T>\ C ker F» such that 

kerF* =£>i©X> 2 , J(X>i) = £>i, 

and the angle 9 = 6(X) between JX and the space (£>2)p is constant for nonzero 
X G (T> 2) p and p G M, where T>i is the orthogonal complement of T>\ in kerF*. 

We call the angle 9 a semi-slant angle. 

Let F : (M,gM, J) >-> (N,gw) be a semi-slant Riemannian map. Then there is 
a distribution Z?x C ker F* such that 

kerF, =X>i©X> 2 , J(X>i) = V l: 

and the angle 9 = 9(X) between JX and the space (T>2) p is constant for nonzero 
X G (T> 2) p and p G M, where T>2 is the orthogonal complement of T>\ in ker F». 
Then for X G r(kerF»), we get 

(3.1) A = PX + QX, 

where FA G T(2?i) and QA G r(X> 2 ). 
For A G F(kerFH»), we write 

(3.2) JX = 4>X + cjA, 

where 0A G F(kerF,) and ujX G F((kerF*) ± ). 
For Z G r((kerF,) i ), we have 

(3.3) JZ = BZ + CZ, 

where FZ G r(kerF*) and CZ G T((ker F,)- 1 ). 
For £7 G r(TM), we obtain 

(3.4) u = vu + nu, 

where VU G r(kerF*) and Wf7 G r((kerF*) i ). 
For W G r(F- 1 TA), we write 

(3.5) W = PW + QW, 
where PW G T(rangeF„) and QV^ G r((mngeF*) ± ). 
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Then 

(3.6) (kcrF,) 1 - = ujV 2 ® H, 

where \x is the orthogonal complement of <jjV 2 in (kcrF*) 1 - and is invariant under 
J. 

Furthermore, 

0X>i = VuuVi = 0,4>V 2 C V 2 ,B((kevF t ,) ± ) = V 2 

<j> 2 + Blu = -id, C 2 +ujB = -id, ucj} + Cuj = 0, BC + (j)B = 0. 



Define the tensors T and A by 



(3.7) A E F = H\7 nE VF + V\7 nE HF 

(3.8) T E F = UVveVF + VVveUF 

for E,F £ T(TM), where V is the Levi-Civita connection of gu- 
For X,Y e r(kerF*), define 

(3.9) V X Y := VV X Y 

(3.10) {Vx4>)Y := Wx^Y-^WxY 

(3.11) (V x u)Y := TiV x uY - uoV X Y. 



Then it is easy to obtain 

Lemma 3.2. Let (M,gM,J) be a Kahler manifold and (N,gx) a Riemannian 
manifold. Let F : (M,gM,J) i-> {N,gx) be a semi-slant Riemannian map. Then 
we get 

(1) 

VxW + Tx^Y = 4>W X Y + BTxY 
Tx4>Y + HWxojY = ojW x Y + CT X Y 
for X,Y e r(kcrF*). 

(2) 

VV Z BW + A Z CW = 4>A Z W + BHV Z W 
A Z BW + HV Z CW = ujAzW + CHV Z W 

for Z,W e r((kerF,)- L ). 

(3) 

W X BZ + T X CZ = 4>T X Z + BUV X Z 
TxBZ + H\7 X CZ = loT x Z + CHVxZ 
VV Z <I>X + A z ujX = cf>V\7 z X + BA Z X 
Az<t>X + HVzljX = ujVVzX + CAzX 

for X e r(kcrF st ) and Z e r((kcrF st )- L ). 
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Let F be a slant Riemannian map from an almost Hcrmitian manifold (M, gn, J) 
to a Riemannian manifold (N,gx) with the slant angle 9 [19J . Then given non- 
vanishing X £ r(kerF*), we have 

Q \<I>X\ g M (JX,0X) -g M (X,4?X) 

cos9 = JJx\ and cos9= \JxiW\ = \xiW\ 

so that 

cos 2 9 = 



-g M (X,^X) 



\X\* ' 
which means 

(3.12) (f> 2 X = - cos 2 9 ■ X. 
Furthermore, if (M,gM, J) is Kahler, then it is easy to get 

(3.13) (Vx^)y = CTxY-TxW 

(3.14) {V X <P)Y = BTxY-TxuY 

for X, Y £ r(kerF st ). Assume that the tensor uj is parallel. 
Then 

CTxY = TxW for X,Y £ T(kerF >t ) 
so that interchanging the role of X and Y, 

CT Y X = T Y (pX for X,Y £ r(kerF«). 

Hence, 

Tx4>Y = T Y <t>X for X,Y £ r(kerF*). 
Substituting Y by <f>X and using (|3.12|) , 

(3.15) T<f,x<t>X = -cos 2 9 -T X X for X £ r(ker.F*). 
Similarly, we have 

Theorem 3.3. Let F be a semi-slant Riemannian map from an almost Hermitian 
manifold [M, gia, J) to a Riemannian manifold (N,g^) with the semi-slant angle 
9. Then we obtain 

(3.16) (fX = - cos 2 9 ■ X forX£T(V 2 ). 

Remark 3.4. It is easy to check that the converse of Theorem 13.31 is also true. 
Since 

g M (ct>X,ct>Y) = cos 2 9g M {X,Y) 
9M {uX,uY) = sm 2 e 9M {X,Y) 

for X, Y £ r(T>2), when 9 £ (0, — ), we can locally choose an orthonormal frame 

{ei,Jei,--- ,e k , Je k , fi,sec9<j>f 1 ,csc0uf 1 ,- ■ ■ ,f s ,sec9<f>f s ,csc9uf s ,g 1 ,Jg 1 ,--- ,g t , 
Jgt) of TM such that {e\, Jei, ■ ■ ■ ,e k , Jet} is an orthonormal frame of T>\, {/i, 
sec 9<j)f\ , • • • , f s ,sec9(j)f s } an orthonormal frame of T> 2 , {csc#w/i, • • • , csc0w/ s } an 
orthonormal frame of ujT>2, and {gi, Jgi, ■ ■ ■ ,gt, Jgt} an orthonormal frame of \x. 
In a similar way, we have 
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Lemma 3.5. Let F be a semi-slant Riemannian map from a Kahler manifold 
(M, gM, J) to a Riemannian manifold (N,gw) with the semi-slant angle 9. If the 
tensor uj is parallel, then we get 

(3.17) %x$X = -cos 2 9-T x X forXeT(V 2 ). 

We now investigate the integrability of distributions. The proofs of the following 
Theorems are the same with those of Theorem 2.3 and Theorem 2.4 in |15j . 

Theorem 3.6. Let F be a semi-slant Riemannian map from an almost Hermit- 
ian manifold (M, gM , J) to a Riemannian manifold (N,g^). Then the complex 
distribution T>\ is integrable if and only if we have 

tu(V x Y ~V Y X) =0 for X,Y eT(Vi). 

Similarly, we get 

Theorem 3.7. Let F be a semi-slant Riemannian map from an almost Hermitian 
manifold (M,gM, J) to a Riemannian manifold (N,gj\f). Then the slant distribution 
T>2 is integrable if and only if we obtain 

P{4>{V X Y ~V Y X)) = Q forX,YeT(V 2 ). 

Given a semi-slant Riemannian map F from an almost Hermitian manifold 

7T 

(M,gM, J) to a Riemannian manifold (N,g x ) with the semi-slant angle 9 € [0, — ), 
we define an endomorphism J of ker F* by 

J := JP + sec 9cj)Q. 

Then 

(3.18) J 2 = -id on kerF*. 

Note that the distribution ker J 71 , is integrable and does not need to be invariant 
under the almost complex structure J. Furthermore, its dimension may be odd. 
But with the endomorphism J we have 

Theorem 3.8. Let F be a semi-slant Riemannian map from an almost Hermitian 
manifold {M,gM,J) to a Riemannian manifold (N,g x ) with the semi-slant angle 

7T ^ 

9 G [0, — ). Then the fibers (F^ 1 (x), J) are almost complex manifolds for x £ M. 

We deal with the harmonicity of a map F. Given a C°°-map F from a Riemann- 
ian manifold (M, gja) to a Riemannian manifold (N,giy), we can naturally define 
a function e(F) : M H> [0, oo) given by 

e(F)(x):=^\(F*) x \ 2 , x e M, 

where |(-F*)a;| denotes the Hilbert-Schmidt norm of (F*) x pQ. We call e(F) the 
energy density of F. Let K be a compact domain of M, i.e., K is the compact 
closure U of a non-empty connected open subset U of M. The energy integral of F 
over K is the integral of its energy density: 

E(F; K) := J e(F)v 9M = \ j \F. \\ M , 

where v gM is the volume form on (M, <?m). Let C°°(M, N) denote the space of all 
C°°-maps from M to N. A C°°-map F : M H> N is said to be harmonic if it is a 
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critical point of the energy functional E( ;K) : C°°(M, N) H> M for any compact 
domain K c M. By the result of J. Eells and J. Sampson [3], we know that the 
map F is harmonic if and only if the tension field t(F) := trace V = 0. 

Theorem 3.9. Let F be a semi-slant Riemannian map from a Kahler manifold 
(M, gM, J) to a Riemannian manifold (N,gw) such that T>\ is integrable. Then F 
is harmonic if and only if trace(V F*) = on T>2 and H = 0, where H denotes the 
mean curvature vector field of rangeF* . 

Proof. Using Lemma [2A| we have trace V-F* |kcrF, G T(rangeF*) and trace Vi^l^crF,)^ 
G T((rangeF*) ± ) so that 

trace(VF*) = trace VF*|k G rF» = and traceV F*|(ker f,)- 1 - = 0. 

Since 2?i is invariant under J, we can choose locally an orthonormal frame {ei, Jei, 
• • • , ek, Jck} of T>\. Using the integrability of the distribution T>i, 

(VF*)(Je i; Jei) = -F*V Jei Jei = F* J (V e; J e^ + [Je ll e i ]) 
= i^V^ej = -(VF»)(e i ,e i ) for 1 < i < k. 

Hence, 

traceV-F*|kerF. =0 traceVF* |x> 2 =0. 

Moreover, it is easy to get that 

traceVF*|( kcrFt )i = Zi? for / := dim(kerF*) _L 

so that 

traced F*\( kei Ft )± = H = 0. 

Therefore, we obtain the result. □ 

Using Lemma l3.5[ we have 

Corollary 3.10. Let F be a semi-slant Riemannian map from a Kahler mani- 
fold [M, gM, J) to a Riemannian manifold (AT, pjy) such that T>\ is integrable and 

7T 

the semi-slant angle 9 G [0, — ). Assume that the tensor u) is parallel. Then F is 

harmonic if and only if H = 0. 

We now study the condition for such a map F to be totally geodesic. 

Theorem 3.11. Let F be a semi-slant Riemannian map from a Kahler manifold 
(M,gM,J) to a Riemannian manifold (N,g^). Then F is a totally geodesic map 
if and only if 

uj{W x <t>Y + TxuY) + C{Tx4>Y + HVxwY) = 
uj(V x BZ + TxCZ) + C{T X BZ + HVxCZ) = 
Q{V F Zl F*Z 2 ) = 

forX,Ye r(ker^) and Z,Z U Z 2 G r((kerF„)- L ). 

Proof. If Zi,Z 2 G r((kerF H ») ± ), then by Lemma HOI we have 

(VF.)(£i,£ 2 ) = Q((VF»)(Z 1 ,Z 2 )) = Q(Vf 1 F^2)=0. 
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Given X,Y £ r(kerF*), we get 
(V-F,)(l,y) = -F4V X Y)=F,{JV X (4>Y + ujY)) 

= F*{<f>V x <t>Y + uV x 4>Y + BTx4>Y + CTxW + 4>T x uY + ljTx^Y 
+ BHVxojY + CHVxuY). 

Hence, 

(VF*)(X,F) = Q^uj{Vx4>Y + T x uY) + C{T x <t>Y + UV x uY) = 0. 

If X € r(kerF*) and Z € T((kerF*) ), then since the tensor VF* is symmetric, 
we only need to consider the following: 

(WF,)(X,Z) = -F*[V X Z) = F,(JW X (BZ + CZ)) 

= F*(4>V X BZ + uN x BZ + BTxBZ + CT X BZ + (/)TxCZ + ujTxCZ 

+ BHVxCZ + CHVxCZ). 

Thus, 

(VF*)(X, Z) = & lu(V x BZ + TxCZ) + C(T X BZ + HV X CZ) = 0. 
Therefore, we obtain the result. □ 

Let F : (M, gM) >-> (N,giy) be a Riemannian map. The map F is called a 
Riemannian map with totally umbilical fibers if 

(3.19) T x Y = g M {X,Y)H for X, Y £ r(ker F*), 

where H is the mean curvature vector field of the fiber. 

In the same way with the proof of Lemma 2.19 in [15] . we can show 

Lemma 3.12. Let F be a semi-slant Riemannian map with totally umbilical fibers 
from a Kahler manifold [M, gM, J) to a Riemannian manifold (iV, g'jv)- Then we 
have 

H £ T(ojV 2 ). 
4. Decomposition theorems 

Given a Riemannian manifold (M, 3m) 5 we consider a distribution T> on M. We 
call the distribution T> autoparallel (or a totally geodesic foliation) if V X Y £ T(2?) 
for X,Y £ r(23). If D is autoparallel, then it is obviously integrable and its leaves 
are totally geodesic in M. The distribution T> is said to be parallel if V zY £ r(2?) 
for Y E T(T>) and Z £ T(TM). If V is parallel, then we easily obtain that its 
orthogonal complementary distribution V 1 - is also parallel. In this situation, M is 
locally a Riemannian product manifold of the leaves of T> and T> . It is also easy 
to show that if the distributions T> and D 1 - are simultaneously autoparallel, then 
they are also parallel. 

Theorem 4.1. Let F be a semi-slant Riemannian map from a Kahler manifold 
{M,gM,J) to a Riemannian manifold (N,gx). Then [M, gM, J) is locally a Rie- 
mannian product manifold of the leaves o/kerF* and (ker F*)- 1 if and only if 

u{Vx4>Y + TxojY) + C(Tx<t>Y + HV x uY) = for X.Y £ r(kerF*) 

and 

</>(VV Z BW + A Z CW) + B(A Z BW + UV Z CW) = for Z,W £ r((kerF») x ). 
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Proof. For X, Y £ r(kerF*), 

V X Y = -JV X JY = -J{V x <j>Y + T x <t>Y + T x ojY + HV x ojY) 

= -{<jNx<}>Y + ujVxc^Y + BTx<t>Y + CT X <j)Y + <f>T X uY + luTxluY 
+ BUVxuoY + CHVxooY). 

Thus, 

V X Y e r(kcrF„) cj{V x <f>Y + T x loY) + C(T x cf>Y + HV X U)Y) = 0. 
Given Z, W £ r((kcr F» )-*-), we have 

\7 Z W = -J\7 Z JW = -J(V\7 Z BW + A Z BW + A Z CW + H\7 Z CW) 
= -((pVVzBW + ujVW z BW + BA Z BW + CA Z BW + 4>A Z CW 
+ uAzCW + BHVzCW + CUVzCW). 

Hence, 

\7 Z W £ r((kerF st ) ± ) <S> </>(VV Z BW + A Z CW) + B(A Z BW + H\7 Z CW) = 0. 
Therefore, the result follows. □ 

Theorem 4.2. Let F be a semi-slant Riemannian map from a Kahler manifold 
(M,gM,J) to a Riemannian manifold (N,gpf). Then the fibers of F are locally 
Riemannian product manifolds of the leaves of T>\ and T> 2 if and only if 

Q{4>Vu<t>V + BTu4>V) = and LuV u( f>V + CTuW = for U, V £ r(X>i) 

and 

P{4>(Vx4>Y + Tx^Y) + B{Tx4>Y + nVxioY)) = 
w(y x <t>Y + TxuY) + C(Tx(f>Y + HVxwY) = 
for X 1 Y£T(V 2 ). 
Proof. Given U, V £ T(2?i), we get 

VuV = -JVuJV = -J(Vu<j>V + Tu<t>V) 

= -{cpVudpV + LoVudpV + BTuW + CTu<t>V). 

Hence, 

VuV £ r(Di) <=> Q{<jN u( j)V + BTu4>V) = and wVu<t>V + CTu<t>V = 0. 
For X, Y £ r(X> 2 ), we obtain 

V X Y = -JVxJY = -J(V X (pY + T x <t>Y + T x ujY + HV x coY) 
= -{<PV X <PY + uW x 4>Y + BT x <pY + CT x <t>Y + <PT x ujY 
+ luT X ojY + BHV x luY + CHV x loY). 

Thus, 

V X Y £T(V 2 )^ 

P{4>{V X 4>Y + T x ujY) + B(T X (bY + UVxwY)) = 0, 
w(V X (j>Y + T x uY) + C(T X (f>Y + HW x uY) = 0. 

Therefore, we have the result. □ 
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5. Examples 

Note that given an Euclidean space R 2 ™ with coordinates (xi, X2, ■ ■ ■ , X2n), we 
can canonically choose an almost complex structure J on R 2 ™ as follows: 

T , d d d d 
J(aiT{ h 1 V a,2n-i^ V a 2n -^ J 

OX % OX2 OX2n-\ OX2n 

d d d d 
= 1- ai- 1 a 2n -^ h a 2n -iT: , 

OXi OX 2 OX2n-\ OX 2n 

where a\ , • • • , a,2n € R. Throughout this section, we will use this notation. 

Example 5.1. Let F be an almost Hermitian submersion from an almost Hcrmitian 
manifold (M, §m, Jm) onto an almost Hermitian manifold (N, g^, Jjv) [21] . Then 
the map F is a semi-slant Riemannian map with T>\ = ker F* . 

Example 5.2. Let F be a slant submersion from an almost Hermitian manifold 
(M,gM, J) onto a Riemannian manifold (N,gjy) with the slant angle pi)]. Then 
the map F is a semi-slant Riemannian map such that T>2 — ker F» and the semi- 
slant angle 6*. 

Example 5.3. Let F be an anti-invariant submersion from an almost Hcrmitian 
manifold (M,gM,J) onto a Riemannian manifold (N, g^) [18] . Then the map F 
is a semi-slant Riemannian map such that T>2 — ker F* and the semi-slant angle 
0=f. 

Example 5.4. Let F be a semi-invariant submersion from an almost Hermitian 
manifold (M,gM, J) onto a Riemannian manifold (N,g^) [17) . Then the map F is 
a semi-slant Riemannian map with the semi-slant angle 9 = ^. 

Example 5.5. Let F be a semi-slant submersion from an almost Hermitian man- 
ifold (M, gM, J) onto a Riemannian manifold (N,gjy) with the semi-slant angle 
[15] . Then the map F is a semi-slant Riemannian map with the semi-slant angle 9. 

Example 5.6. Let (M,gM, J) be a 2m-dimensional almost Hermitian manifold 
and (N,gjsr) a (2m— l)-dimcnsional Riemannian manifold. Let F be a Riemannian 
map from an almost Hermitian manifold (M,gM, J) to a Riemannian manifold 
(N,gjsr) with rankF = 2m — 1. Then the map F is a semi-slant Riemannian map 
such that T>2 = ker F* and the semi-slant angle 9 = 5 . 

Example 5.7. Define a map F : R 8 n- R 5 by 

v , X5 cos ol xq sin 01 -\- X4 . . 

b(xi,X2,-- ■ — (X2,xi, -= ,0,X5 sma - x 6 cos a) 

V2 

with a 6 (0,|). Then the map F is a semi-slant Riemannian map such that 

9 9 d d d d 
T>\=<— — , - — > and 2? 2 =< t. — ,cosa- 1- sma— — > 

OX7 OXg OX3 OX5 OXq OX4 

with the semi-slant angle 9 = j. 

Example 5.8. Define a map F : R 6 n- R 3 by 

F(x\,X2, ••• ,Xq) — (xi cos a — X3 sin a, c, 24), 

where a € (0, and c € R. Then the map F is a semi-slant Riemannian map such 
that 

_ d d d , d d 

T>i=<- — , - — > and T> 2 =< ta — ,sma- hcosa- — > 

0x5 oxe 0x2 ox\ 0x3 
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with the semi-slant angle 9 = a. 

Example 5.9. Define a map F : M. 10 H> R 7 by 

„, s , n X 5 -X 6 X7+X9 X 8 +X 10 

F{xi,x 2 , ■ ■ ■ ,x w ) = (x 4 ,0,x 3 , ,0, , — -j= — ). 

Then the map F is a semi-slant Riemannian map such that 

_ d d d d d d , _ d d 
V 1 =<- — , - — ,-- ^- — ,-- h > and P 2 =< ^ — > 

ax\ 0x2 0x7 0x9 oxs oxiQ 0x5 oxq 

with the semi-slant angle 9 = ^ . 

Example 5.10. Define a map F :M. W ^ R 5 by 

cv x r x 3 + x 5 onlo x 7 + x 9 

F(xi,x 2 , • • • ,xio) = ( — -j=— ,2012,x 6 , — ^=— ,x 8 ). 

Then the map F is a semi-slant Riemannian map such that 

d d d d d d d d 

Vl =< a - ' a - > and 2,2 =< a t - ' a a - ' a - ' a > 

axi 0x2 0x3 0x5 0x7 axg 0x4 0x10 

with the semi-slant angle 9 = f . 

Example 5.11. Define a map F : R 8 ^ M 5 by 

F(x\, X2, ■ ■ ■ , xg) = (xg, X7, 7, X3 cos a — X5 sin a, X4 sin /3 — x§ cos /3), 

where a, /3, 7 are constant. Then the map F is a semi-slant Riemannian map such 
that 

_ d d , _ .9 9 n d . n d 
Vi =< - — , - — > and P 2 =< sma- h cos a- — , cosp- h snap- — > 

OXi OX2 OX3 OX5 OX4 OXq 

with the semi-slant angle 9 with cos 9 = | sin(a + /3) | . 

Example 5.12. Let F be a slant Riemannian map from an almost Hcrmitian 
manifold (Mi,gM 1} Ji) to a Riemannian manifold {N,gx) with the slant angle 9 
[19"] and (M 2 ,gM 2 , J2) & n almost Hermitian manifold. Let (M,g, J) be the warped 
product of (Mi , c/Mi , ^1 ) and (M 2 , <7m 2 , J 2 ) by a positive function / on M\ [5] , where 
J = Ji x J 2 . Define a map F : (M,g, J) M> (N,g N ) by 

F(x, y) = F(x) for x e Mi and y € M 2 . 

Then the map F is a semi-slant Riemannian map such that T>\ = TM2 and 2?2 = 
kerF* with the semi-slant angle 9. 
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